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INFLUENCE OF THE PERICAPILLARY PLASMA ON 
CHEMICAL EXCHANGE FROM 
BLOOD TO TISSUE 
By John T.  Howe 
Ames Research Center 
SUMMARY 
The t ranspor t  o f  chemica l  spec ies  f rom blood to  t i s sues  i s  s t u d i e d  f o r  
c a p i l l a r i e s  t h a t  h a v e  an extra  annulus  of plasma outside the endothelium. 
The equations of flow and d i f f u s i v e  t r a n s p o r t  are solved i n  closed form i n  t h e  
blood compatible  with t ransport  into the surrounding t issue,  which  consumes 
the  spec ie s  acco rd ing  to  first o rde r  k ine t i c s .  Resu l t s  show tha t  the  p lasma 
annulus  increases  the supply of  species  and thus  the  r a t e  of chemical exchange 
between blood and t i s sues ,  ra i s ing  the  concent ra t ion  (and  the  consumpt ion  ra te )  
i n  t i s s u e  s p a c e s .  
If permeabi l i t i es  a re  reass igned  s o  tha t  the  endothe l ium i s  very leaky 
and the  b lood- t i s sue  in t e r f ace  i s  the  chemica l  bar r ie r  (low permeabi l i ty ) ,  the  
s p e c i e s  c o n c e n t r a t i o n  i n  t h e  t i s s u e  i s  increased again.  The reason i s  t h a t  
the  b lood  ve loc i ty  in  the  endothe l ium i s  much l a rge r  t han  tha t  o f  t he  annu lus .  
Thus the  h igh  ra te  of  supply  of  spec ies  in  the  leaky  endothe l ium i s  a v a i l a b l e  
t o  t h e  a n n u l u s ,  and a l though the  permeabi l i ty  of  the  b lood- t i ssue  in te r face  
i s  low, i t s  l a rge  su r face  a rea  i s  bathed by a high chemical concentration. 
The r e s u l t  i s  an i n c r e a s e  i n  t h e  s p e c i e s  f l u x  t o  t h e  t i s s u e s  and  an inc rease  
in  concen t r a t ion .  The e f f ec t  i nc reases  wi th  cap i l l a ry  r ad ius  ( lower  cap i l l a ry  
hematocrit)  . 
INTRODUCTION 
I t  is known ( re fs .  1 -3)  tha t  an annulus  of  f lu id  ex is t s  ou ts ide  the  
endo the l i a l  wall of some c a p i l l a r i e s .  S a p i r s t e i n  ( r e f .  4) has   a rgued   tha t   the  
f l u i d  i s  blood plasma rather than lymph (as f irst  supposed by Heimberger 
( r e f .  1 ) .  Howe and  Sheaffer   ( refs .  5, 6 )  have shown s e v e r a l  hydrodynamic 
reasons why the f luid should be plasma:  Many experimental observations can be 
readily explained hydrodynamically with a plasma annulus (on the basis of flow 
i n  a ' ! typ ica l f f  cap i l la ry)  - but  not  without  one.  They have shown a number of 
cha rac t e r i s t i c s  o f  such  cap i l l a r i e s ;  fo r  example, f o r  low r a t i o s  o f  c a p i l l a r y  
to  la rge  b lood  vesse l  hematocr i t s ,  the  p lasma ve loc i ty  a long  the  annulus  can 
be  much less than  tha t  wi th in  the  endothe l ium tube .  
The funct ion of  the annulus  has  not  been explained (ref .  3) .  The 
question remains whether there i s  an advantage of the extra plasma annulus 
o the r  t han  tha t  it simply provides a p lasma reservoi r .  A second question i s  
which o f  t h e  two c a p i l l a r y  membranes i s  the  t rue  bar r ie r  to  chemica l  exchange  
between  blood  and t issues.  I t  has long been assumed that the endothelium i s  
t h e  b a r r i e r .  But S a p i r s t e i n  ( r e f .  4) has  sugges t ed  tha t  t he  ou te r  wall i s  t h e  
" t rue  hematolymph ba r r i e r . "  Th i s  pape r  i nves t iga t e s  bo th  o f  t hese  ques t ions .  
SYMBOLS 
defined by equations (A17) and (A18) 
defined by equation (A19) 
concent ra t ion  of  a chemical  species  in  blood by mass f r a c t i o n  
def ined by equations (A26) and (A27) 
d i f f u s i o n  c o e f f i c i e n t  
membrane permeabi l i ty  
modified Bessel func t ion  of  order  0 and 1 of first kind 
def ined by equation (A13) 
modified Bessel function of  o r d e r  0 and 1 of second kind 
me tabo l i c  r a t e  coe f f i c i en t  
cap i l l a ry  l eng th  
def ined by equations (A24) and (A25) 
p re s su re  
defined by equation (A21) 
rate of  consumption per unit  mass o f  t i s sue  ( eq .  (A4)) 
radius  f rom capi l lary axis  
r 
L 
- 
rad ius  of  t i s sue  suppl ied  by c a p i l l a r y  
defined by equation (A22) 
Y 
rl 
3 
b l o o d  v e l o c i t y  i n  a x i a l  d i r e c t i o n  
ax ia l  d i s t ance  f rom cap i l l a ry  en t r ance  
Z - 
L 
defined by equation (A14) 
defined by equation (A6) 
c o e f f i c i e n t  o f  v i s c o s i t y  f o r  p l a s m a  
length in  microns 
Subscr ipts  (except  as noted  above) 
property a t  z = 0 
r e d  c e l l s  
e i t h e r  t h e  b l o o d  i n  t h e  e n d o t h e l i a l  t u b e  o r  t h e  p r o p e r t i e s  o f  t h e  
endothelium 
e i the r  t he  p l a sma  in  the  annu lus  o r  t he  p rope r t i e s  o f  t he  ou te r  wall 
of the annulus 
p r o p e r t i e s  of  t h e  t i s s u e  s p a c e  
r a d i  a1 
ax i  a1 
ANALY S IS 
The b i -wa l l ed  cap i l l a ry  model i s  
shown i n  f i g u r e  1, where rl , r2, 1-3, 
and R are,  r e s p e c t i v e l y ,   t h e   r a d i i  of 
t he  r ed  ce l l s ,  t he  endo the l ium,  the  
o u t e r  wall of the plasma annulus, and 
the  outer  boundary  of  the  t i s sue  
supp l i ed  by  the  cap i l l a ry  o f  l eng th  L .  
The model i s  described by a set  of  
CHEMKAL BARRIER 7 
'2 d i f f e ren t i a l   equa t ions   t ha t   desc r ibes  
Figure 1.- Capi l la ry  - t i s s u e  model. blood  laden  with a chemical  species 
e n t e r i n g  and moving along the capillary 
3 
at a s teady rate. The blood t ravels  a long the endothel ium and the annulus  a t  
d i f f e r e n t  v e l o c i t i e s  ( u 2  and 7.13). During the passage of  blood along the capi l -  
l a r y ,  some of  the chemical  substance i s  t ransported across  the endothel ium 
membrane to  the  b lood  in  the  annulus  and  f rom there  across  the  outer  membrane 
t o  t h e  t i s s u e  s p a c e .  As t he  spec ie s  d i f fuses  ou tward  in  the  t i s sue  space ,  it 
is a l so  be ing  consumed l o c a l l y  a c c o r d i n g  t o  f i r s t - o r d e r  k i n e t i c s .  
The mathematical  detai ls  are s t ra ightforward and appear  in  the appendix.  
Blum's r e s u l t s  ( r e f .  7 ) ,  f o r  a s ingle-wal led  capi l la ry ,  a re  inc luded  as a 
s p e c i a l  case o f  t h e  p r e s e n t  r e s u l t .  
RESULTS AND DISCUSSION 
Input  Quant i t ies  
The so lu t ions  of  the  d i f fe ren t ia l  equat ions  tha t  descr ibe  the  exchange  of  
chemica l  spec ies  be tween the  b lood  and  t i s sues  were  obta ined  in  the  manner des- 
c r ibed  in  the  appendix .  The  numerous i n p u t  q u a n t i t i e s  f o r  t h e s e  s o l u t i o n s  are 
l i s t e d  by  example number i n  t h e  f o l l o w i n g  t a b l e .  The example number i s  a l s o  
shown in  b racke t s  fo r  each  cu rve  in  the  f igu res .  
Since the plasma annulus i s  of  
concern  here ,  the  main i n p u t  v a r i a t i o n  
w i l l  b e  t h e  r a d i i  o f  i ts  boundaries - 
the endothelium and outer wall ( r 2  and 
r 3 )  - and t h e i r  p e r m e a b i l i t i e s  (h2  and 
h3 ) .  The b lood  ve loc i ty  in  the  annu lus  
(u3)  has  been specif ied to  vary with 
t h e   r a d i i  r2 and 1-3 approximately as 
shown i n  t h e  hydrodynamic analysis of 
Howe and Shea f fe r  ( ref .  5) ( t h e i r  
f i g .  8 ) .  
Other input common t o  a l l  examples 
i s  as fol lows.  The blood  veloci ty   (u?)  
in  the  endothe l ium was 500 u/sec (except for example 9 where it was doubled)- 
and t h e  c a p i l l a r y  l e n g t h  (L)  was 500 p (except for example 7 where i t  was 
doubled), s o  t h a t  t r a n s i t  time in  the  endothe l ium was 1 s e c .  The r e d  c e l l  
radius  was 4 1-1. The d i f f u s i o n  c o e f f i c i e n t  (Dr) i n  t h e  t i s s u e s  was 40 u2/sec,  
which  corresponds t o  a molecule  the s i ze  o f  oxygen ( r e f .  8, p .  44 ) .  The 
t i s s u e  consumption rate coef f ic ien t  (k4)  of  0.40 sec- l  cor responds  to  
y = 0 . 1  1-1-l (eq. (A6))  which i s  wi th in  the  range  tha t  B l u m  ( r e f .  7) used. 
The ou te r  r ad ius  (R) o f  t he  t i s sue  supp l i ed  by  the  cap i l l a ry  was e i t h e r  20 o r  
30 p ,  which i s  compatible with Blum's work and i s  t h e  r i g h t  o r d e r  of magnitude 
( H i l l ,  r e f .  9 ,  es t imated  tha t  each  capi l la ry  suppl ies  about  1 2  times i t s  
volume o f  t i s s u e ) .  
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Typical Chemical D i s t r i b u t i o n  
The so lu t ions  g ive  the  var ia t ion  of  concent ra t ion  of  the  chemica l  spec ies  
in  the  b lood  and i n  t h e  t i s s u e s  i n  b o t h  t h e  a x i a l  and r a d i a l  d i r e c t i o n s  a s  
shown i n  f i g u r e s  2 through 4.  In  these  i somet r i c  p lo t s  t he  v i ewer  is looking 
upstream from t h e  c a p i l l a r y  e x i t .  Local  chemical  concentration i s  given  by 
the  he igh t  o f  t he  su r face  above the  base  p lane .  
E 
-. tk60 Figure 2 corresponds  to  t i s sue  
supp l i ed  by a cap i l l a ry  wi th  no plasma 
annulus   outs ide  the  endothel ium. The 
f l a t  center  por t ion  of  each  rad ia l  p ro-  
f i l e  is the chemical  concentrat ion in  
the  blood  in   the  endothel ium. The 
curved portion i s  the  concen t r a t ion  in  
t h e   t i s s u e   s p a c e .  The abrupt  drop 
between blood and t issue concentrations 
i s  the  e f f ec t  o f  t he  pe rmeab i l i t y  o f  
the  endothelium wall. The permeabi l i ty  
i s  4 p/sec,  which  seems t o  b e  t h e  r i g h t  
r 
Figure  2.- Concentrat ion  surface - no p~asma order  of magnitude for molecular 
annulus (example 1). weights  under 100 ( r e f .   1 0 ) .  
E I n  f i g u r e  3 t h e r e  i s  an annulus of 
plasma between the endothelium and the 
t i s s u e   s p a c e .  The c o n c e n t r a t i o n   i n   t h e  
annulus i s  shown by the outer  notch on 
t h e  f l a t  por t ion  of  each  prof i le .  The 
in te r face  separa t ing  the  annular  b lood  
from the  t i s sue  has  been  ass igned  a 
high permeabi l i ty ,  100 p / s e c  ( i  . e . ,  i t  
i s  a very  leaky  in te r face) .  
~. 
i 
The c o n d i t i o n s  i n  f i g u r e  4 d i f f e r  
from t h o s e  i n  f i g u r e  3 on ly  in  tha t  t he  
switched.  That is, the  endothelium i s  
Figure  3 . -  Concent ra t ion  sur face  - plasma annulus membrane permeabi l i t ies   have  been 
with inner  'barr ier  (example 2). 
C now very  l aky,  and the  outer  wall  i s  
11.0 the   res is tance  to   chemical   exchange.  
Th i s   r ep resen t s   Sap i r s t e in ' s   ( r e f .  4) 
s u g g e s t i o n  t h a t  t h e  o u t e r  wall i s  t h e  
t r u e  hematolymph b a r r i e r .  
The capillary dimensions and blood 
v e l o c i t i e s  of f i g u r e s  3 and 4 corre-  
spond approximately to  the  cu rve  
re ference  5 (where t h e  r a t i o  o f  c a p i l -  
lary to  l a rge  ves se l  hematoc r i t  was 
about 0 .4) .  The c a p i l l a r y  i s  l a rge :  
A- i labeled  k/hc = 6 i n   f i g u r e   8 ( a )   o f  
Figure  4.- Concent ra t ion  sur face  - plasma annulus 
wi th  ou te r  ba r r i e r  ( example  3 ) .  
5 
r g  = 10 1-1 and r2 = 8 1-1, and the plasma veloci ty  in  the annulus  (20 d s e c )  i s  
small compared wi th  the  ve loc i ty  in  the  endo the l ium (500 p/sec) .  
COMPARISON OF RESULTS 
Large C a p i l l a r i e s  
The r e s u l t s  o f  t h e  p r e v i o u s  t h r e e  f i g u r e s  are compared i n  f i g u r e s  5 and 
6 .  The th ree  cu rves  in  figure 5 show the  ax ia l  var ia t ion  of  chemica l  concen-  
t ion  wi th in  the  endothe l ium for  the  prev ious  three  f igures .  The upper two 
l ines  co r re spond  to  the  f irst  two examples i n  which the endothel ium was t h e  
main  chemical b a r r i e r .  The lowest  curve  corresponds t o  f i g u r e  4 - the  leaky  
endothelium. A s  expected,  chemical  exchange  from  the  leaky  endothelial   tube 
i s  g r e a t e r ,  r e s u l t i n g  i n  a lower  concent ra t ion  in  the  b lood .  Examples  of a 
leaky endothel ium have s l ight ly  lower concentrat ion in  the plasma annulus  
than i n  the endothelium blood, while examples i n  which the endothelium i s  t h e  
chemical  barr ier  have s ignif icant ly  lower concentrat ions in  the plasma 
annulus. 
.4 t 
.2 t 
0 .2 .4 .6 .8 1.0 
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OUTER BARRIER [3] 
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Figure 5.- Concentration in blood i n  endothelium Figure 6.- Tissue concentration of outermost  cel l  
(r2 = 8p, r3 = l o p ) .  (r2 = 8p, r3 = lop) .  
The s o l i d  l i n e s  of f i g u r e  6 show the corresponding axial  concentrat ion 
p ro f i l e s   i n   t he   ou te rmos t  cel ls  ( a t  r = R) served by t h e  c a p i l l a r y .  The 
p r o f i l e s  are a l s o  a measure of t h e  ra te  of  consumption which i s  propor t iona l  
t o  t h e  c o n c e n t r a t i o n  f o r  f i r s t - o r d e r  k i n e t i c s .  The bottom  curve  corresponds 
t o  f i g u r e  2 - no plasma  annulus. The middle curve has the annulus,  with the 
endothelium as t h e   c h e m i c a l   b a r r i e r   ( i . e . ,   f i g .  3 ) .  The concentrat ion 
increase over  the no annulus  resul t  was suppl ied by the  b lood  in  the  annu lus  
( s ince  the  two examples had almost i den t i ca l  p ro f i l e s  w i th in  the  endo the l ium) .  
The upper curve corresponds t o  f i g u r e  4 i n  which the  ou te r  wa l l  was t h e  t r u e  
b a r r i e r .  Thus, we s e e  t h a t  S a p i r s t e i n ' s  model of   the  double-wal led  capi l lary 
wi th  the  outer  wall as t h e  t r u e  hematolymph b a r r i e r  i s  more e f f i c i e n t  f o r  chem- 
i c a l  exchange and produces higher t issue concentrations than the double-walled 
model w i th  the  inne r  ba r r i e r ,  and is s t i l l  more e f f i c i e n t  t h a n  t h e  model with- 
out the annulus (by 25 t o  30 percen t ) .  The o u t e r  b a r r i e r  p r o v i d e s  a higher  
spec ie s  concen t r a t ion  in  the  t i s sue  space  than  the  inne r  ba r r i e r  because  the  
b lood  ve loc i ty  in  the  endothe l ium i s  much g rea t e r  t han  tha t  i n  the  annu lus  
(u2 >> ug).  Thus, the  h igh  ra te  of  supply  of  spec ies  in  the  leaky  endothe l ium 
6 
i s  ava i lab le  to  the  annulus ,  and  a l though the  permeabi l i ty  of  the  b lood- t i ssue  
i n t e r f a c e  is low, i t s  l a r g e  s u r f a c e  area i s  bathed by a high chemical concen- 
t r a t i o n .  The r e s u l t  i s  a n  i n c r e a s e  i n  t h e  s p e c i e s  f l u x  t o  t h e  t i s s u e s .  
If  u3 were s u f f i c i e n t l y  l a r g e ,  t h e  r e v e r s e  w o u l d  b e  t r u e  - t h e  i n n e r  
b a r r i e r  would provide the higher  t issue concentrat ion.  This  i s  i l l u s t r a t e d  
by t h e  d a s h e d  l i n e s  i n  f i g u r e  6 f o r  which u3 has  (un rea l i s t i ca l ly )  been  se t  
e q u a l  t o  u2 (500 p/sec) .  Now t h e r e  i s  a h igh   ra te   o f   supply  of spec ie s  
a long  the  annulus   adjacent   to   the  blood-t issue  interface.   Consequent ly ,  i f  
t ha t  i n t e r f ace  ( r a the r  t han  the  endo the l ium)  were leaky ,  chemica l  t ransfer  to  
the  t i s sue  space  would be enhanced. Realist ically,  however,  the hydrody- 
namics of t h i s  conf igu ra t ion  r equ i r e s  a low v e l o c i t y  i n  t h e  a n n u l u s  ( r e f .  5 ) ,  
which l eads  to  the  p rev ious  r e su l t .  
Small  Capi 1 lar ies  
Figures 7 and 8 compare r e s u l t s  o f  s o l u t i o n s  f o r  which r 3  = 5.6 u and 
1-2 = 4 . 8  p .  These  correspond  approximately to   the   curve   l abe led   k /hc  = 2 i n  
f igure  8(b)  of  re ference  5 (where t h e  r a t i o  o f  c a p i l l a r y  t o  l a r g e  v e s s e l  hema- 
t o c r i t  was about  0.625).   For  these  conditions,  u3 i s  aga in   es t imated   to   be  
about 20 p/sec.  The r e s u l t   f o r  r2 = 4.8 without  an  annulus i s  a l s o  shown. 
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Figure 7.- Concen t ra t ion  in  blood in  endothe l ium Figure  8.- Tissue  concent ra t ion  of o u t e r m o s t  c e l l  
(r2 = 4 . 8 ~ ~  r3 = 5 . 6 ~ ) .  (r2 = 4.8~, r3 = 5 . 6 ~ ) .  
Genera l ly ,  the  resu l t s  fo l low the  same p a t t e r n  as b e f o r e  ( f i g s .  5 and 6 )  
b u t  t o  a l e s s e r  e x t e n t ;  t h a t  i s ,  the annulus s t i l l  provides  be t te r  chemica l  
exchange  and  h igher  t i s sue  concent ra t ion ;  and  Sapi rs te in ' s  ou ter  bar r ie r  i s  
s t i l l  super ior  to  the  inner  bar r ie r ,  bu t  the  advantages  have  d iminished .  
Other Comparisons f o r  Large Capi l lar ies  
F o r  t h e  l a r g e r  c a p i l l a r i e s ,  i t  is  o f  i n t e r e s t  t o  examine t h e  e f f e c t s  o f  
varying some of  the  input  parameters .  The example o f  f i g u r e  4 is  a s tandard 
for  th i s  compar ison .  
Figure 5 shows tha t  t he  concen t r a t ion  in  the  b lood  in  the  endo the l ium a t  
t h e  c a p i l l a r y  e x i t  i s  more than  ha l f  i t s  value a t  t h e  e n t r a n c e .  I n t u i t i v e l y ,  
7 
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t h i s  r e s i d u a l  c o n c e n t r a t i o n  seems high ,  which  sugges ts  tha t  such  capi l la r ies  
may have a d d i t i o n a l  f e a t u r e s  t h a t  would improve the overall  chemical exchange 
between  blood  and t i s s u e s .  Two such  fea tures  are h igher  permeabi l i ty  o r  
grea te r  length .  F igure  9 shows t h a t  t r i p l i n g  t h e  p e r m e a b i l i t y  (h3 = 1 2  p/sec) 
or  doubl ing  the  length  would g i v e  e x i t  p l a n e  r e s i d u a l s  o f  0.33 or 0.25, respec-  
t i v e l y .  The cor responding  t i s sue  concent ra t ion  curves  are p r e s e n t e d  i n  f i g -  
ure 10 which shows tha t  t he  h igh  pe rmeab i l i t y  inc reases  the  consumption rate 
of the outermost cells between 5 and 60 percent  over  the upper  sol id  curve of  
f i g u r e  6 .  The f irst  ha l f  o f  t he  doub le  l eng th  cap i l l a ry  i s  a c t u a l l y  i d e n t i c a l  
t o  t he  uppe r  so l id  cu rve  o f  f igu re  6 ( i t  is s i m p l y  s h i f t e d  t o  t h e  l e f t  by t h e  
z/L scale o f  f ig .  10 ) .  Thus t h e  second  half   of  the  longer  capil lary shows a 
d imin i shed  t i s sue  concen t r a t ion  fo r  t hose  ce l l s  s e rved  by t h e  a d d i t i o n a l  
length.  But,  even a t  t h a t  t h e  c e l l  c o n c e n t r a t i o n  f o r  t h e  s e c o n d  h a l f  i s  t h e  
same order of magnitude as t h e  first h a l f .  
HIGH  VELOCITY [91 
- 
c 2  
.4 - ANNULAR  PLASMA 
LENGTH 171 
.2 - (L=looop) 
HIGH PERMEABILITY [El 
(h3=12p/sec) 
I I , , ,  
0 .2 .4 .6 .8 1.0 
Z/L 
Figure 9.- Effects  of various parameters on t h e  
concentrat ion in  endothel ia l  blood 
(r2 = 8p, r3 = lop) .  
HIGH VELOCITY [91 
(u2 = 1000 p /sec ) 
"STANDARD" SOLUTION [31 
.02 
0 .2 .4 .6 .8 1.0 
Z A  
Figure 10.- Effec ts  of various parameters on 
t issue concentrat ion of outermost c e l l  
(r2 = 8py r3 = lop) .  
From t h e s e  r e s u l t s ,  we  may s p e c u l a t e  t h a t  l a r g e r  c a p i l l a r i e s  ( r 2 ,  r 3 )  
a r e  a l s o  c h a r a c t e r i z e d  by e i ther  h igh  permeabi l i ty  o r  g r e a t e r  l e n g t h  ( e i t h e r  
to  provide  h igh  loca l  t i s sue  concent ra t ion  o r  to   supply more t i s s u e ) .  I n t e r -  
es t ing ly ,  the  photomicrographs  of  na i l fo ld  capi l la ry  loops  by  Bosley ( r e f .  11) 
and by Gibson,  Bosley,  and G r i f f i t h s  ( r e f .  2) show both  the  la rge  rad ius  of  
t he  pe r i cap i l l a ry  "ha lo  space"  (1-3) and t h e  g r e a t e r  l e n g t h  ( L  e 1500 p) . 
For hydrodynamic reasons,  also,  the greater length may be associated 
wi th  the  l a rge r  cap i l l a ry  r ad ius .  From re fe rence  5 (eq.   (AS)),   the  pressure 
grad ien t  i s  r e l a t e d  t o  t h e  c e l l  s p e e d  and endothelium radius by 
where the  pressure  grad ien t  i s  
dp - Pvenule - parteriole 
dz L 
" ." - 
8 
Combining these  g ives  
u c =  - - ( P v e n d e  - P a r t e r i o l e )  (rz2 - rI2> L (3) 4rl 
If the  venule  and a r t e r i o l e  p r e s s u r e  are f ixed  and if  the  ce l l  speed  shou ld  
be approximately constant (for efficient chemical exchange),  then large cap- 
i l lar ies  ( l a rge  r2) should  have  correspondingly  greater  lengths  (eq.  ( 3 ) ) .  
Al te rna t ive ly ,  i f  t h e  l a r g e  r a d i u s  c a p i l l a r y  i s  n o t  l o n g e r ,  t h e  c e l l  
speed would be  la rger  accord ing  to  equat ion  ( 3 ) .  A r e s u l t  f o r  d o u b l e d  c e l l  
speed is a l s o  shown i n  f i g u r e s  9 and  10. The e f f i c i e n c y  of  chemical t r a n s f e r  
is lower for  this  high veloci ty;  the endothel ia l  blood gives  up l e s s  t h a n  30 
percent of i t s  load on a s ing le  pas s  th rough  the  cap i l l a ry .  However, t h e  
cell  concent ra t ion  is enhanced very s ignif icant ly  as shown i n  f i g u r e  10 
because  the  t i s sue-b lood  in te r face  is bathed by a supply of high chemical 
concent ra t ion .  
A s  a m a t t e r  o f  i n t e r e s t ,  t h e  r e s u l t  f o r  s t a t i o n a r y  plasma i n  t h e  
annulus i s  a l s o  shown i n  f i g u r e s  9 and 10.  In an a n a l y s i s  of the microcircu-  
l a t i o n  o f  t h e  l i v e r ,  Goresky ( re f .  12)  assumed t h e  plasma in  the  ex t r avascu -  
lar  space t o  be a t  r e s t .  A s  shown i n  f i g u r e  9 t h e  r e s t  c o n d i t i o n  l e a d s  t o  a 
concen t r a t ion  p ro f i l e  i n  the  endo the l ium a l i t t l e  lower than the corresponding 
p r o f i l e  f o r  t h e  moving plasma in  the  annu lus .  F igu re  10  shows t h a t  t h e  t i s s u e  
concent ra t ion  i s  a lso  d iminished  i f  the annular plasma i s  a t  r e s t ,  
Ames Research Center 
National Aeronautics and Space Administration 
Mof fe t t   F i e ld ,   Ca l i f . ,  94035 Aug. 4 ,  1967 
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APPENDIX A 
MATHEMATICAL ANALYSIS 
A genera l  descr ip t ion  of  the  model ( f i g .  1 )  was presented previously,  
where it was no ted  tha t  B l u m  ( r e f .  7) has solved the problem of chemical 
exchange  between  blood  and t i s sue  across  one  membrane - the endothelium. In 
the  present  s tudy ,  the  effect  of an extra annulus of plasma (region 3) and a 
second membrane ( the  ou te r  wall charac te r ized  by permeabili ty h3) i s  exam- 
ined. Like Blum, we n e g l e c t  t h e  d e t a i l s  w i t h i n  t h e  r e d  ce l l s  in  the  endo the -  
lium, as well as t h e  d e t a i l s  of t h e  v e l o c i t y  p r o f i l e  i n  t h e  c a p i l l a r y .  A s  
noted previously,  we a l low the  ax ia l  ve loc i ty ,  u2 ,  in  the  endothe l ium to  
d i f f e r  from t h a t  i n  t h e  a n n u l u s ,  u 3 ,  t o  r e t a i n  t h e  c h a r a c t e r  of t h e  r e s u l t s  of 
reference 5. Chemical r eac t ions  are a l lowed  on ly  in  the  t i s sue  space  
(region 4) . 
The concentrat ion (mass f r a c t i o n ) ,  c2 ,  of some chemical  species  in  a 
volume element  of  blood  of  axial  length dz in   the   endothe l ium  ( reg ion  2 )  i s  
depleted by leakage across the endothelium and replenished by fresh blood 
enter ing the element  so t h a t ,  f o r  t h e  s t e a d y  s ta te ,  
S imi la r ly ,  in  the  annulus  ( reg ion  3)  
In  the  t i s sue  space ,  the  usua l  d i f fus ive  t ranspor t  equat ion  appl ies  
a2 C4 
az2 a r  
2 
D, -+ Dr 
where Q i s  t h e  ra te  of consumption per unit  mass of t i s s u e ,  which f o r  f irst-  
o rde r  k ine t i c s  i s  
I n  t h e  t i s s u e  s p a c e  d i f f u s i o n  i n  t h e  a x i a l  d i r e c t i o n  is neglec ted  in  favor  of  
t h a t  i n  t h e  r a d i a l  d i r e c t i o n  b e c a u s e  d i s t a n c e s  a r e  small and g rad ien t s  a r e  
l a r g e  i n  t h e  r a d i a l  d i r e c t i o n  compared with the axial  direct ion.  Thus,  
equation (A3) becomes 
where 
y2 = - 
Dr 
k4 
10 
a t  r = r3: 
and a t  r = R: 
The s o l u t i o n  of equat ion (AS) i s  readi ly  found to  be (7)  
where (&+) h a s   y e t   t o  be  determined. 
r 3  
If h3  from equat ion (A9) i s  s u b s t i t u t e d   i n t o   e q u a t i o n  (A2),  and 
(ac4/h-)r3 i s  used  ( f rom  eq.   (All)   d i f ferent ia ted) ,   one  obtains  
where 
and 
Equations  (Al)  and (A12) can be wri t ten as 
and 
r e spec t ive ly ,  where 
2h2 al =' - - 
u2r2 
D i f f e r e n t i a t e  (A15) w i t h   r e s p e c t   t o  z and  combine  with  equation (A16) t o  
ob ta in  
d2c2 dC2 
dz2 
+ q -  
dz 
+ sc2 = 0 
where 
9 = -(a2 + al l  
s = a1 (a2 + b) 
The so lu t ion  of  equat ion  (A20) is' 
where 
-9 + Jq2 -- 4s ml = 
2 
-q " m 2 =  2 
The c o e f f i c i e n t s  C 1  and C 2  can be evaluated from boundary  condition (A7) 
and equation (A15) appl ied  a t  z = 0 w i t h  t h e  r e s u l t s :  
-~ 
~~ ~ . - - ~ - - . -  
'The so lu t ion  i s  v a l i d  f o r  q 2  - 4s > 0 and for the  present  examples .  
. " 
1 2  
and 
c2 = 
Equation (A16) can  be  in t eg ra t ed  d i r ec t ly  by use  of  equat ion  ( 
boundary condition (A8) t o  o b t a i n  
A23) and 
c3 - - e3 = [z - b (mic1 + ‘2 )] ea2z + b c:em,z C2em2z ) (A28) + 
c20 - a2 In2 - a2  a2 In2 - a2 
By d i f f e r e n t i a t i n g  e q u a t i o n  (A28) w i t h  r e s p e c t  t o  z, u s i n g  t h e  r e s u l t  i n  
equation (A2),  and so lv ing   for   (cq)  we o b t a i n  ‘3 
+ c1 { [(-) (b + a2) + b ] e mlz - (1 - j3)bea2z} 
m1 - a2 
+ c2 { [(SJ (b + a2) + b ] e wz - (1 - j3)bea2’} (A29) w - a2 
Thus, the  concent ra t ion  in  reg ions  2 ,  3, and 4 i s  given by equations (A23), 
(A28),  and (All)  , r e spec t ive ly ,   w i th  ( ~ 4 ) ~  in   equat ion  (All)   g iven  by 
equat ion (A29). 3 
The equations f o r  t h e  s o l u t i o n s  c a n  b e  r e w r i t t e n  i n  terms of 
dimensionless  parameters. The r e s u l t i n g  e q u a t i o n s  are n o t  p a r t i c u l a r l y  i n t e r -  
e s t i n g  and w i l l  not  be shown.  But the corresponding parameters are important 
and so  are l i s t e d :  h2/u2,  h3/u3, ~ 2 / ~ 3 ,  r 2 / r 3 ,  j 3 ,  r 2 / L ,  R / L ,  Y L ,  z/L,  and 
~ 3 ~ / ~ 2 ~ .  A given s e t  of these parameters completely determines a s o l u t i o n .  
O f  par t icu lar  impor tance  are the rat ios  h2/u2 and h3/u3 - t h a t  i s ,  t h e  
r a t i o  o f  t h e  wall pe rmeab i l i t y  to  the  ad jacen t  b lood  ve loc i ty  i s  s i g n i f i c a n t  
ra ther  than  the  permeabi l i ty  a lone .  
13 
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